Abstract. We determine the Cox rings of the minimal resolutions of cubic surfaces with at most rational double points, of blow ups of the projective plane at non-general configurations of six points and of three dimensional smooth Fano varieties of Picard numbers one and two.
Introduction
The homogeneous coordinate ring of a toric variety as introduced by D. Cox [18] quickly became an important tool in toric geometry. Starting with the well known work [33] by Hu and Keel, this ring was also considered in a more general context: to any normal complete variety X with finitely generated divisor class group Cl(X) one associates its Cox ring
where we refer to [2] for the precise formulation of this definition and basic background. The Cox ring is a rich invariant of X. In case of finite generation, it gives even rise to an explicit encoding of X, see [10, 28] Among other things, this opens a computational approach to the geometry of X once its Cox ring R(X) is known; see [30] , for example.
The computation of Cox rings is an active field, see for example [17, 16, 38, 48] . The aim of this paper is to enhance the pool of known Cox rings for some classical classes of varieties; we hope that these are particularly interesting both in themselves and for arithmetic applications. We work over an algebraically closed field K of characteristic 0.
One arithmetic motivation is that determining generators and relations of the Cox rings of varieties gives an explicit description of their universal torsors. These can be used to parameterize rational points on varieties, leading for example to proofs of Manin's conjecture [25, 7] on the asymptotic behavior of the number of rational points of bounded height on Fano varieties. In particular, this approach was very successful for toric varieties [43] (where the Cox rings are polynomial rings [18] ), smooth quintic del Pezzo surfaces [11] (see [45] for the universal torsor and [8] for the Cox ring) and many singular quartic del Pezzo surfaces (based in the computation of Cox rings in [20, 21, 31] ).
Cubic surfaces are probably the rational surfaces that have received the most attention. Smooth and singular cubic surfaces were classified by Schläfli and Cayley in the 1860s. See [41, 24] for a modern account of their geometry. The Cox rings of smooth cubic surfaces were determined in [8, 46] . For cubic surfaces with rational double points as singularities, Cox rings were determined so far only in the cases where there is at most one relation in the Cox ring [27, 21] ; this includes the toric cubic surface of singularity type 3A 2 and seven other types; for several of them, Manin's conjecture is known, see the table in Section 3. In Section 3, we complete the list of the Cox rings for minimal desingularizations of such singular cubic surfaces, see Theorem 3.1. This should be a useful step in the further investigation of Manin's conjecture for singular cubic surfaces via the universal torsor method. Continuing [31] , we also provide the Cox rings of the blow-ups of P 2 in six distinct points in non-general position.
While Cox rings of surfaces have been widely studied, higher dimensional results are scarce. In dimension 3, to our knowledge, we only have explicit information in toric cases, for varieties with a torus action of complexity 1 [29] and for some blow-ups of P 3 and (P 1 )
3 [17, 48, 47, 31, 4] . The three-dimensional analogs of del Pezzo surfaces are Fano threefolds. Smooth Fano threefolds have been classified by Iskovskikh [35] , Mori and Mukai [42] . We compute Cox rings in the cases of Picard number one, see Theorem 4.1, and two, see Theorem 4.5. This should provide the foundation of a systematic investigation of Manin's conjecture in dimension 3 via the universal torsor method; see [12] for a successful application to Segre's singular cubic threefold.
In our computations we make use of the methods based on toric ambient modifications developed in [28, 5, 31] . In the case of our singular cubic surfaces, this is relatively straightforward since their minimal desingularizations are blow-ups of P 2 in six points in almost general position; a slight complication arises from the fact that iterated blow-ups of points on exceptional divisors are allowed. For the smooth Fano threefolds, the situation is much more involved. In [44] , each type is typically described as a double cover of a complete intersection with prescribed branch curve or branch divisor, or as the blow-up of a complete intersection in a subvariety. For each type, we apply a suitable combination of existing and new theoretical results (e.g., Lemma 4.4 on the Cox rings of double covers of smooth Fano varieties) with algorithmic methods. For the case of complete intersection Cox rings, we determine the Cox rings for the whole family by applying our algorithms formally, without the help of a computer. In other cases, we compute the Cox rings using Singular for a typical representative of the family.
We provide an implementation of algorithms from [31] in the computer algebra system Singular [19] . The package is presented in Section 2. Its features comprise verifying finite generation, verifying a guess of generators, producing a guess of generators and computing relations between generators for Cox rings.
We would like to thank Hendrik Süß for pointing out a mistake in one of the Cox rings listed in a previous version of Theorem 4.5. 
Computational preparations
The approach of [31] relies on the technique of toric ambient modifications introduced in [28] . The idea is to consider Mori dream spaces X i ⊆ Z i embedded into toric varieties and to study modifications X 2 → X 1 induced from toric modifications Z 2 → Z 1 . This leads to algorithms for the Cox ring computation of varieties X 2 arising from a simpler X 1 via blow-ups, as it is the case in our example classes.
For encoding a Mori dream space X i we fix a suitable presentation of the Cox ring R i of X i in terms of generators and relations and choose X i ⊆ Z i to be the associated canonical embedding, see [2] for the details. We we refer to this situation as a canonically embedded Mori dream space (CEMDS).
The package compcox.lib is available at [23] . Here is an overview of its central procedures. They implement Algorithms 3.1, 3.2, 3.5, 3.6 and 5.4 of [31] .
• createCEMDS: stores the Cox ring and its canonical ambient toric variety.
• stretchCEMDS: changes the presentation of a given Cox ring by adding generators.
• compressCEMDS: removes redundant generators of the Cox ring.
• contractCEMDS: contracts divisors of a given CEMDS.
• modifyCEMDS: performs a toric ambient modification.
• blowupCEMDS: computes and verifies a candidate for the Cox ring of the blow-up of a CEMDS at a point.
Example 2.1 (Using compcox.lib). We compute the Cox ring R(X) of the cubic surface X with singularity type A 4 . Embedded into P 3 it is given by
3 ) ⊆ P 3 . It can be obtained as a blow-up P 2 in four distinct points, followed by a blow up of the intersection point of the first exceptional divisor with the strict transform of V (P 2 ; T 3 ) and, finally, a general point in the last exceptional divisor. In Singular load the library with > LIB "compcox.lib";
We first perform four toric blow-ups of P 2 and obtain the complete toric surface X 1 with fan Σ 1 whose rays are generated by the columns of the matrix P 1 .
Cubic surfaces and other blow-ups of the plane
Here we compute Cox rings of rational surfaces. The first example class arises from cubic surfaces Y ⊆ P 3 with at most rational double points as singularities. Besides the smooth cubic surfaces, there are precisely 20 types of singular cubic surfaces with rational double points that are distinguished by their singularity types (in the ADE-classification), as in Table 1 . For each singularity type, there may be an infinite family of isomorphy classes of cubic surfaces. For details on the geometry and classification of singular cubic surfaces, see [24, Section 8 and 9] , for example.
We are interested in the Cox ring of a minimal desingularization X of the singular cubic surface Y . Since X arises by a sequence of blow-ups from the projective plane P 2 , we can apply our algorithms. Note that the Cox ring of the singular surface Y can be obtained from the Cox rings of its desingularization X by [31, Proposition 2.2] .
Here, we complete the computation of Cox rings of minimal desingularizations of such cubic surfaces. The previously known cases are the Cox rings of smooth cubic surfaces [38, Theorem 9 .1], the toric cubic surface of type 3A 2 [18] and the seven types of cubic surfaces whose Cox rings have precisely one relation [27, 21, 34] . We provide a precise description of the Cox rings for the remanining 12 types where there is more than one relation in the Cox ring.
All results are summarized in 
. . , T 12 ]/I with generators for I and the degree matrix given by
]/I with generators for I, where λ ∈ K * \ {1}, and the degree matrix given by 
Proof. Let Y be a cubic surface with at most rational double points as singularities. Its minimal desingularization X is the blow-up π : X → P 2 in six points in almost general position, i.e., the map π is a composition For each singularity type, this gives us the classes of the negative curves in Pic(X), together with their intersection numbers; these can be encoded in an extended Dynkin diagram of negative curves. Successively contracting (−1)-curves in the Dynkin diagram gives combinatorial information on π 6 , . . . , π 1 . To make this concrete, we determine the blown-up points p i ∈ X i , for i = 1, . . . , 6, up to automorphisms. For each singularity type corresponding to a family of isomorphism classes of surfaces (see [15] ), this involves parameters λ, . . . . Cases (i)-(v) with singularity types A 1 , 2A 1 , A 2 , 3A 1 , and 4A 1 can be realized as blow-ups of six distinct points in P 2 ; the configurations of points are given in the statement of the theorem. Then the Cox rings are directly obtained by an application of the procedure blowupCEMDS of our package compcox.lib.
For the remaining cases, at least one of the blown-up points lies on an exceptional divisor of a previous blow-up. In the following, we give a precise description of the blown-up points in each case. Since these do not give a concise description of the resulting surfaces, we provide instead a description of the anticanonical map X → Y ⊂ P 3 . This leads to a cubic form defining Y , as listed in the statement of the theorem. Again, we obtain the Cox rings from the sequence of blow-ups using blowupCEMDS from compcox.lib. For these cases, the degrees of the generators of the Cox rings are given in terms of the basis of Pic(X) consisting of π * O P2 (1) and the classes of the total transforms of the exceptional divisors of π 1 , . . . , π 6 . We denote the coordinates on P 2 by y 0 , y 1 , y 2 .
Case A 2 A 1 : The blown-up points are p 1 = [0, 0, 1], the intersection p 2 of the first exceptional divisor with the strict transform of {y 0 − y 1 = 0}, and the preimages
Case A 3 : The first blown-up point is p 1 = [1, 1, 0] ∈ P 2 . The second blown-up point is the intersection of the first exceptional divisor with the strict transform of {y 0 − y 1 + λy 2 = 0}. The further blown-up points p 3 , . . . , p 6 are the preimages of 
Remark 3.2. In Theorem 3.1, the Cox rings of the singular cubic surfaces can be obtained by contracting the (−2)-curves with the procedure contractCEMDS of our library compcox.lib. Now we consider other the rational surfaces arising from the projective plane by blowing up six distinct points. If the points are in general position (i.e., no three points lie on a common line, and not all six lie on a common conic), then this leads to the smooth cubic surfaces; a description of their Cox rings is given in [38] . When the six distinct points are in almost general position (i.e., at most three points lie on a common line), then we obtain minimal resolutions of cubic surfaces with at most rational double points; see Theorem 3.1 for their Cox rings. The following settles the remaining cases. 
(ii) 
Smooth Fano threefolds
Smooth Fano threefolds come in a finite number of families. For Picard number one they have been classified by Iskovskikh [35, 36] and for Picard number at least two by Mori and Mukai [42] . We use the descriptions of these varieties given in [44, Section 12 ] to compute Cox rings in the cases of Picard number at most two. Recall that the index of a smooth Fano threefold X is the maximal r ∈ Z ≥0 such that − 
is of finite index in the free finitely generated Cl(X) and σ −1 acts trivially on π * Cl(Y ), we see that σ −1 acts trivially on the whole Cl(X). We conclude D − σ −1 (D) = div(g) with some g ∈ K * (X). We claim that τ :
g is a linear isomorphism and, after suitably rescaling g, the order of τ divides n. Indeed, σ * f /g is an element of Γ(X, O(D)) and thus τ is a well defined linear map. Iteratively applying σ −i to D − σ −1 (D) = div(g) leads to n equations; adding them up and using σ −1 (div(g)) = div(σ * g), we achieve gσ * g · · · (σ * ) n−1 g = 1 after possibly rescaling g. Therefore, the order of the linear map τ divides n. Now, take
and thus, as seen before, a pullback divisor. Consequently, D is linearly equivalent to a pullback divisor.
Lemma 4.4. Let π : X → Y be an n-cyclic cover of smooth Fano varieties with ample branch divisor B = div [B] (f ). Assume that the Picard rank of X equals that of Y . Then there is a Cl(X)-graded isomorphism of algebras
Proof. Since B is ample, it is connected and thus it must be irreducible, as X is smooth. Hence the ramification divisor R is irreducible and the hypothesis of Proof of Theorem 4.1. First, observe that according to [44, Table 12 .2] we have r ∈ {1, 2, 3, 4}. Moreover, X = P 3 when r = 4 and X is a smooth quadric of P 4 for the case of r = 3. We now show statement (ii) for r ∈ {1, 2}. In what follows S will be a smooth surface in X linearly equivalent to − 1 r K X and C will be a smooth curve of S linearly equivalent to O X (S)| S . Since S is ample and rS is linearly equivalent to −K X , we have (n−1)S = K X +A with A ample for any n ∈ Z ≥1 . By the Kawamata-Viehweg vanishing theorem, for any such n, we have an exact sequence
By the adjunction formula S is a del Pezzo surface and C ∼ −K S ∼ − 1 2 K X | S . According to [44, Table 12 .2], the surface S has degree ≥ 5; if the degree is ≤ 2 then − 1 2 K X is not very ample since its restriction to S is not very ample. For the case of degree ≥ 3, by [24, Theorem 8.3.4] , making use of the above exact sequence one directly shows that the anticanonical ring R(S, C) = R(S, −K S ) is generated in degree one. Thus, by the above exact sequence, the same holds for R(X, S) ∼ = R(X).
Case r = 1. By the adjunction formula S is a K3 surface and C is a canonically embedded curve and thus C is non-hyperelliptic. By the Kawamata-Viehweg vanishing theorem and the ampleness of C, we have for any n ∈ Z ≥1 an exact sequence
Since C is non-hyperelliptic, its canonical ring R(C, K C ) is generated in degree one by Max Noether's Theorem [1, page 117]. Thus, due to the above exact sequences, the same holds for the algebras R(S, C) and R(X, −K X ).
For both r = 1 and r = 2 this shows in particular that the Cox ring R(X) equals the homogeneous coordinate ring of ν(X); they are directly obtained from [44, 
By [44, 
where 
where the f i ∈ K[S 1 , . . . , S 6 ] are homogeneous of degree two and V (f 1 , f 2 ) ⊆ P 5 is smooth, three-dimensional and the conic where 
where where V (f ) ⊆ P 2 × P 2 is smooth and f is of degree
For the proof of Theorem 4.5, note that each Fano threefold X i has been described in [44] as a blow-up X i → X along a subvariety C ⊆ X where we know the Cox ring of X, e.g., from Theorem 4.1. For the †-cases, we present a concrete choice for C and directly apply the procedure blowupCEMDS from Section 2. For the remaining X i , we apply [31, Algorithm 5.4 ] by hand as explained in the following remark. 
(ii) Let T ν be the product over all T i with C ⊆ V (X 1 ; T i ). Test whether we have dim(
Then the blow-up Proof. We use Serre's criterion, see [37] . Write X := V (I) ⊆ K r+n and let J := (∂h i /∂T j ) i,j be the Jacobian matrix. We show that the closed set
is of codimension at least two in X. 
  
and hence the matrix J is of rank s on K r \ {0} × K n . This shows that A is small in X. As the grading is pointed, X is connected and Serre's criterion delivers that I is prime. The same argument holds for g 1 , . . . , g s .
Proof of Theorem 4.5. Case X 1 : Consider the variety X listed in Theorem 4.1 for the case (r, −K 3 X ) = (2, 8), i.e., we have X = V (f ) ⊆ P (3, 2, 1, 1, 1) where f ∈ K[T 1 , . . . , T 5 ] is homogeneous of degree six. Then X 1 is the blow-up of X along an elliptic curve C ⊆ X that is the intersection of two divisors of degree one. Without loss of generality, applying a linear change of coordinates yields
where
We now apply the steps of Remark 4.6 with
We show that I Cases X i with i ∈ {4, 15, 25}: We will exemplarily compute R(X 4 ); the other two Cox rings can be computed analogously using the polynomials g i listed in the table. The case X 4 is the blow-up of P 3 along the smooth intersection of two cubics V (g i ) ⊆ P 3 . Applying the steps of Remark 4.6 delivers the ideal I ′ 2 generated by
where the g i are as shown in the theorem. We have I As V (f, T 4 , T 5 ) ⊆ P 4 is smooth the ideal I Cases X i with i ∈ {6a, 24, 32}: This is a prime divisor on P 2 × P 2 of degree ν ∈ Z 2 where ν = (2, 2), (1, 2) or (1, 1) in the respective cases, see [44, g := T 1 g 1 + T 2 g 2 + T 3 g 3 . Then X 11 is the blow-up of X = V (g) ⊆ P 4 along the line 
